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COMPUTING ISOGENY COVARIANT
DIFFERENTIAL MODULAR FORMS

CHRIS HURLBURT

ABSTRACT. We present the computation modulo p? and explicit formulas for
the unique isogeny covariant differential modular form of order one and weight
X—p—1,—p called fjet, an isogeny covariant differential modular form of order
two and weight x_,2_, 4 _; denoted by fjethjet, and an isogeny covariant
differential modular form hje of order two and weight x;_p,2 o _1-

1. INTRODUCTION

In this paper we introduce explicit formulas modulo p? for various differential
modular forms discussed by Buium in [B], [2], [4]. The central modular form dis-
cussed is the unique, up to multiplication by an element in Z7, isogeny covariant
differential modular form of order one and weight x_,—1,—1 called fje, fé, and
fjlet, respectively, in [3], [2], []. For the rest of this paper we mean “unique up
to multiplication by an element in Z;” when we say “unique”, and we will refer
to the unique isogeny covariant differential modular form of order one and weight
X—p—1,—1 by fict. This modular form has many interesting connections detailed in
1], 3], 2], and [4]. We compute fie; in a p-adic fashion following the construction
of fier detailed in [3] which allows us to compute modulo p™ or specifically modulo
p2. Then we use the explicit formula from this computation to provide modulo p?
formulas for order two differential modular forms. The specific order two isogeny
covariant differential modular forms we describe are fiethjer from [3] also referred
to as k2 in [2] or fjlef in [4] and hje from [3] also referred to as k2/f} in [2]. We
note that modulo p neither of these order two modular forms contain any second
order terms.

The strategy is simple. We know that the isogeny covariant differential modular
forms fjethjer and hjey of order two and weights x_p2_, 1 1 and x1_p20,_1, Te-
spectively, are ficthjet = ¢(fier), where ¢ is the lifting of the Frobenius morphism,
and outside the locus, where fje; modulo p is zero hje, = % [4]. We should note
that hje is defined only outside this zero locus of fier modulo p. In [5] we have
the explicit computation of f4.; (the p-derivation analog of the Kodaira-Spencer
class) which is the reduction modulo p of the unique isogeny covariant differential
modular form of weight x_,—1,—1. By uniqueness, fjct = cf 4o modulo p for some
¢ € Z,,. Here we compute fjet directly allowing us to give a formula for the unique
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isogeny covariant differential modular form modulo p? and not just modulo p. We
also then are able to describe the order two terms that occur in ficthjet and hjet
modulo p? but not modulo p.

For both context and notation we give the relevant definitions of differential
modular forms. Let p > 3 be a prime number. Let M° = Z,la4,as, A7']",
MY = Zylas, as,0a4,0a6, A7), and M? = Zplaa, as, day,das, 6%as, 6%ag, A",
where A = —2%(4a} + 27a) and Z,, is the p-adic integer. We note that a4, ag,
Sau, dag, 0%2as, 6%ag are variables over Z, and that " represents the p-adic comple-
tion. Then the elements of M! are called § modular forms of order one and elements
of M? are called § modular forms of order two as defined by Buium in [3].

Recall now that a p-derivation is a set theoretic map, § : A — B, from a ring A
to an A-algebra B such that

(1.1) 0z +y) =0z + oy + Cp(x,y),
(1.2) d(zy) = yPdx + aPdy + pdxoy

for all z,y € A, where C,(X,Y) = w. In Section [ we will expand
these axioms into a more complete list of properties of p-derivations. For now, if A
is a complete discrete valuation ring R, where R has maximal ideal generated by
p and an algebraically closed residue field k, and if ¢ is the unique lifting of the
Frobenius morphism to A, then the p-derivation given by §(z) = (¢p(x) — aP)/p is
unique on R.

Now we use the R and § from our example and set

M(R) = {(a,b) € R*|4a® + 27b* € R*}.

Then the set M(R) is in one-to-one correspondence with the set of pairs consisting
of an elliptic curve over R and an invertible 1-form; namely, each (a4, d6) € M(R)
corresponds to (E,dxz/2y), where E is the projective closure of the affine plane
curved y? = 2% + ayx + ag. For any f € M?, if we substitute a,b, éa, b in for
ay,ae,0aq,0ag, then f defines a map (still denoted by f) from M(R) to R. This
element in M1 is in fact uniquely determined by the map from M (R) to R. Similar
statements are true for f € M?2.

We define a §-character of order < 1 to be a group homomorphism x : R* — R*
of the form x = X, n, where

Then a §-modular function of order one has weight y if for any A € R*

f()‘4a7 )‘Gb) = X(/\)f(av b)

for all (a,b) € M(R). We can easily extend the definition of d-characters to higher
orders. Namely, a J-character of order < 2 is a group homomorphism x : R* — R*
of the form x = X, n,r Where

Ximn,r(A) = A™ (%)n (“fﬁ?))

The criterion for a J-modular function of order two to have weight x is exactly the
same as the criterion for a J-modular function of order one to have weight x. A
d-modular form is a é-modular function with a weight.

X =3
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A §-modular form is isogeny covariant if for any two pairs (a,b) and (@, b) with
an etale isogeny of degree N between the corresponding elliptic curves that pulls
back 4 to 4z

Y y ~
fla,b) = N~*2f(a,b),

where k is a constant that depends solely on the weight. Note that for x = xm.n
the constant is k = m + n(1 — p) and for x = Xmn, the constant is k = m +
n(l—p)+r(1-p?).
Theorem 1.1. The isogeny covariant differential modular form of order one and
weight X —p—1,—-1 modulo p? is

—T72ab6ay + 48aljdag

fjet = AP

where Yo, and h are polynomials in MY := M° ® Z,/(p*), H is a polynomial in
Mg = M'®Z,/(p), and H is a nonhomogeneous quadratic in day and dag.

'YQp,p + h + pH7

Explicit formulas for h and H are given in Theorem and an explicit formula
for s is given in Proposition B2

Theorem 1.2. The isogeny covariant differential modular form ficthiet of order
two and weight X_p2_, _1,_1 modulo p? is

2 2
—72ak (6a4)P + 48al (Sag)? .
fiethjetr = l o ( )Ap2 1 (0ao) Yop,p(ay, ag) +h

—72a€262a4 + 48a§2(52a6 b
AP° Yop,p(ay, ag) + pJ,

+p

where h* is a polynomial in M} := M' ® Z,/(p®) and J is a polynomial in Mg .

Corollary 1.3. The isogeny covariant differential modular form hje; of order two
and weight x1_,2 9,—1 modulo p? is

{—72@’6’2 (0aq)? + 48a£2 (6a6)p} Yopp(ah, ab) + AP p*
e = AP?*=p ([—72ab0ay + 484l dag] Yop,p + APR)
— ([—72@’6’2 (baq)? + 48afi2 ((5@6)”} Yopp(al, abl) + AP’ h*) H
N p( AP*=2p([—T2aE5aq + 48a}dag) Yop p + APR)?

+

{72@’52 §2aq + 48a£2 (52%] Yopp(ah, ab) + AP ]
AP*=P ([—=T2aE6ay + 48adag] vap p + APR) )’
where h, h*, H, and J are the same as in Theorems 1.1 and 1.2.

What follows is preliminary information to the calculation of fie;. Let E be the
elliptic curve in Weierstrass form over MY defined by the homogeneous equation

X, Y, W) =WY? - X3 — ay XW? — agW?.

Let U and V be the affine open subsets of F given by the equations f(x,y,1) and
f(z,1,w), respectively. So

U = Spec M°[X,Y]/(f(X,Y,1)) = Spec M°[z,y],
V = Spec M°[Z,W]/(f(Z,1,W)) = Spec M|z, w],
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andon UNV
z=—xz/y,
w=—1/y,
whence FF = U U V. Next we define the first jets of U and V' to be the sets
U' = Spec M'[X,Y,6X,5Y]/(f(X,Y,1),5f(X,Y,1)) = Spec M'[z,y, bz, 5y],
V= Spec MY Z,W,6Z,6W]/(f(Z,1,W),6f(Z,1,W)) = Spec M [z, w, dz, dw).
Then E!, the first jet space of E, is the gluing of U' and V! by the maps

(1.3) z=—x/y,
w = _1/ya
xPéy — yPéx
0z = ————,
yP(yP + pdy)
dy
ow =

yP(yP + pdy)”

We can extend the group law on E to a group law on E'. The group law arises
naturally by construction from the group law on E just as E' arises naturally by
construction from E. This will be detailed explicitly in Section [}

From now on we will also use the following notation. First by M! we mean
Mi®Z,/(p"*1). For example Mg = Flay, as, day, Sag, A~t], where F, is the finite
field of p elements. Second by E} we mean E'® M}, and by E,, = EY, we mean
E® M2 . Also we will use §(ay) interchangeably for da4, §(ag) interchangeably for
dag, ete.

To compute fjet, the isogeny covariant 6 modular form of weight x_,—1,—1, we
work from [2] Construction 4.1]. The same construction is also described in [4] and
[3]. First we find two sections sy and sy of the morphisms Ul — U ® M! and
V! = V ® M, respectively, such that sy defines a morphism from U @ M to U*
and sy defines a morphism from V ® M! to V!. Then the difference of the sections
under the group law induces a morphism sy — sy : UNV ® M' — E'. Let ¢ be
the 0z coordinate in the difference sy — sy. By the dz coordinate, we mean the
image of §z € U' N V! under the ring homomorphism induced by the morphism
sy—sy : UNVOM! — E'. Let log}_fﬁl (€) be the formal logarithm of the Frobenius

twist of the formal group of the elliptic curve, namely

o, pola) o PPP(C2) 5

where the ¢; are the coefficients of the power series expansion of the invariant differ-

ential [3]. Then log_4:(¢) is a cohomology class in H'(E® M*',0) ~ H'(E,0) ®
1

M?*, and this resulting class has a representative of the form > a,y" + 2 by™ +
223 eny™. The modular form fie is the coefficient e_; of z?/y in this repre-
sentative which is the residue of the cohomology class, namely the image of the
cohomology class under the Serre duality pairing.

We will actually work modulo p? which means that our end result will be fiet
modulo p?. In fact fiet € M is a restricted power series whose coefficients expand
exponentially in the number of terms in each coefficient of a power of p. Therefore,
the formulas necessary to express fjer modulo p™ for n > 2 are prohibitive in length.
At this point we note that the formal logarithm of the Frobenius twist of the formal
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group of the elliptic curve modulo p? is in fact the identity. This certainly simplifies
one step of the computation modulo p?; however, for n > 4 this formal logarithm
is no longer trivial modulo p™, meaning this step is not trivial for large n. As
a preliminary step to computing fje; we detail some computation guidelines for
p-derivations and the group law for E' modulo p2.

2. PROPERTIES OF p-DERIVATIONS

Recall that a p-derivation is a set theoretic map, 6 : A — B, from a ring A to an
A-algebra B with §(1) = 0 such that

x +y) =0z + 0y + Cp(z,y), §(zy) = yPdx + 2P0y + pdxzdy

for all z,y € A, where Cp(X,Y) = w. In the case when A = B = R,
where R is a complete discrete valuation ring with maximal ideal generated by p
and has an algebraically closed residue field, there is a unique p-derivation given
by §(z) = (¢(x) — xP)/p, where ¢ is the unique lifting of the Frobenius morphism
to R.

This definition implies that if ¢ : A — B is the ring homomorphism associated

to B being an A-algebra, then

(,6) : A— Wr(B)
is a ring homomorphism, where Wa(B) is the ring of Witt vectors of length two on
B. With (¢,0) as above, ¢ : A — B defined by ¢(z) = ¢(x)P + pd(x) is a ring
homomorphism. In case B = A, this is a lifting of the Frobenius endomorphism
F(z) = «? of A/pA.

While no further axioms for p-derivations beyond those in the definition are
necessary for computation, the following p-derivation rules are very convenient
for computation. Before introducing these rules we must define an extension of
Cp(X,Y).

Definition 2.1. For any > _ g, let

ex Z qp - (Z Q)p
iy g - EY
Note that CSXt(X +Y)= w = Cp(X,Y); thus, this is a very natural
definition.

Lemma 2.2. Let § : A — B be a p-derivation, let g =Y q,x,y € A, and let n > 0
be an integer. Then the following are true.

1) 6O )= _sq+C*(> a).

(2) 6(-1) =0.
(3) 6(~=) = —dw.
(@) s =" (Z) T . (a;" + poe)"

4 (3) = sy

y Py — yPox
ol=)=—=—"">2"—.
(6) (x) xP(xP + pdx)
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3. THE GROUP LAW FOR THE FIRST p-JET SPACE OF F

We now want to make the group law on E' explicit. This is necessary since the
main result requires us to subtract two sections using the group law. The group
law on the first p-jet is induced by the group law on the elliptic curve E, so we
start by giving the group law on E. Let p and ¢ be the equations that define the
group law on E. So if (z1,w1) @ (22, w2) = (23, ws), then

23 = p(Zl,’wl,ZQ,U)Q),

wg = 1/)(21,11)1, ZQ,U)Q).

Then the group law on E! is an extension of the group law on F such that if
(21, w1, 021, 0wy ) ® (22, ws, 022, dws) = (23, ws, 623, dws), then

3 = p(Zl,’l,Ul,ZQ,'LUQ),
w3 = P(21, w1, 22, w2),
523 = 5([)(21,11)1,22,’(1)2)),

6'(1]3 = 5(¢(217 Wi, 22, 'LUQ))

To find appropriate p and 1, we must consider actual formulas for the group
law. On the elliptic curve E, the group law can be explicitly formulated using the
chord-tangent approach. In this approach we consider that every line intersects the
elliptic curve at exactly three points counting multiplicity. We choose a specific
point, O, to be the origin; in this case the point we choose to be the origin is the
point at infinity, (0,1,0). We then define the inverse of a point P to be the third
point on the line that intersects P and the origin. We denote this point by —P. So
if we want to add P & @, we take the line through P and @ and let R be the third
point on the line. Then we define P @ Q = —R. This definition arises naturally
from the theory of Weil divisors. We refer to the case when P = () as the tangent
case and P # @ as the tangent case. From now on we will focus on the chord case
of the chord-tangent approach since that is the most general case and the case used
when computing the group law for a p-jet space.

We use the standard procedure for finding explicit formulas for group law in the
z and w coordinates. In these coordinates our origin is (0,0). To start with, we
recall data on V; namely, that f(z,1,w) = w — 2% — agzw? — agw?® is the curve we
will be using and that any line through P = (29, wp) and the origin of (0,0) will
intersect f(z,1,w) at the third point (—z, —wp). Whence —P = (—zq, —wyp).

Now consider two points P; and P, denoted by (z;,w;) for ¢ = 1,2, respectively.
If we assume that z; # 29, the line connecting these two points is

w="2"" 0 )t wy.
22 — 21

To find the sum P; & P, we must find the three points counting multiplicity of the
intersection of this line with the curve f(z,1,w). If we substitute the line into the
curve f(z,1,w) we get a cubic equation in terms of z. Finding these three points
becomes a matter of finding the roots of the resulting cubic equation. On the other
hand, we already know two of the roots, namely z = z; and z = z3. The third root
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is

—2woz1 —w12z1+2w1 29 —3a6w2w%22 —a4w%z§+wzzg +3w%zla6w1 +w§z%a4

z= .
3agwawi (w2 —w1)+32221(22 —z1)+a4(w§z1 —w%zg)—l—wl —w2+2aswawi (22 —21)

So for z1 # z2, the P3 = P; & P, has coordinates

—2woz1 —w12z1+2w122 —3a6w2w%22 —a4wfz§+w2z2 +3w§zla6w1 +w§zfa4

23 = —
3aswowi (w2 —w1)+32221 (22 —21)+a4(w§zl —w%zz)—l—wl —wa+2aqwewi (22 —21)

3w222z%+z1w§w1a4 —321w1z%+w% —wgw%zga4 —w%

3agwawi (w2 —w1)+32221(22 —21)+aa (w%zl —w%zg)-‘,—wl —wo+2a4wowi (z2—21)

w3 =

From this information, if we want the formulation of group law on E' we must
simply take the p-derivation of these equations. The resulting group law for P, =
(2i, wi, 024, 0w;) € Vs

«
23 = ——,
o
B
w3 = ——,
I
PSav — oS
52 = _ 00— "o
PP (P + pdpe)
P§B — BPS
Sy — — 1208 = B"on
PP (P + pdpe)
where Ps = P, @ P,
a = —2woz1 — w121 + 2wi29 — 3a6w2wf,22

2.2 2 2.2
— aqwizy + wazo + 3wi21a6W1 + W52 a4,
2 2 2 2 2 2
B = 3wazez] + z1wiwias — 3z1w1 25 + Wi — Waw7 2204 — W3,

o= 3a6w2w1 (U)Q — U)l) + 32221 (ZQ — 21)

+ a4(w§zl —wizg) + w1 — wy + 2a4wawy (22 — 21),

and da, 60, du are the respective p-derivatives which are not included here because
of their lengthy nature. On the other hand, this group law also describes the group
law on E} . For example, if m = 1, then we consider this same group law modulo
p?. This does shorten the expressions of da, 63, and §u for m < 5 to lengths that
are possible to work with in computer algebra systems.

Besides shortening the expressions for «, 3, and p one other advantage of explic-
itly detailing the group law on Ei rather than E' is that we may write 23 and dws
in terms of polynomials in da, 63, and du by using their series expansions. Hence
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we have the following description for the group law on Ej:

«

23 = ——,
H

_ B
w3 = ——,
)

1
Ozz = ﬁ(—u”w + aPop) (U — pép),

1
dws = u—(—u”éﬁ + BPou)(p? — pop),

3p

where da, 63, and du are now expressions modulo p2.

4. THE SECTION ON U THAT DEFINES A MAP FROM U ® M! 7o U' AND THE
SECTION ON V THAT DEFINES A MAP FROM V @ M! Tto V!

We in fact want a specific map from U to U'; namely, the morphism which
takes dz and 0y to elements such that §f(z,y,1) is mapped to 0. To do this we
use a variant of Hensel’s Lemma involving two variables which will be illuminated
as we go along. To find the appropriate dx and dy, we first consider the explicit
expression of ¢ f(x,y, 1),

(4.1)
—p?02® + (=32P6x? — dasdz + Sy*)p
+ (=32 — ab)ox + 2yPy — dasa? — dag + C’;Xt(y2 — 2% — ayx — ag),

and from this polynomial define Py = —dasz? — das + C’;Xt (y? — 23 — asx — ag).
From now on for convenience of notation we will denote f(x,y, 1) simply by f. We
will also denote % and g—g by f. and f,, respectively.

Now we let A and B be polynomials in M°[z,y] such that Af, + Bf, = 1.
Specifically

24(4a3 + 62%a4 — 9z0a6)

A )

23(9y)(2xas — 3ag)
A

By simple arithmetic, APf2 + BPfF = 1+ APfP + BPfP — (Afy + Bfy)? = 1+

pC’;Xt(A fs + Bfy). Now we consider the relationship between fZ, /¥ and the

coefficients of dx and dy, respectively. First recall that n = n? + pd(n) for any

positive integer n. So we can write the coefficients of dz and oy from equation (1)
as

A:

B =

Coefficient of 0z = —32* — a}} = —(37 + pd(3))2*? — af
= —pd(3)x* + fF +pC;Xt(—3x2 —aq)
= f2 4 p(—0(3)x* + C’;Xt(—3m2 —a4)),

Coefficient of dy = 2y? = (2P + pd(2))y?
= I+ pd(2)y".
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Then combining these with the equation AP f? + BP f = 1+ pC**(Af, + Bf,),

AP(—32% — af) + BP(2y7)
= AP(f2 + p(=0(3)2® + O (=32% — aa))) + BP(fI +pd(2)y?)
— 14 p (CZV(Afy + Bf,) + AP(=5(3)2® + C(=32° — ay)) + BPS(2)y") .

Now if we let Ryo = C*(Afo+Bf,)+AP(=0(3)x*P + Co* (=32 —a4))+ BPH(2)y",
then AP(—3z% — a}) + BP(2y?) = 1+ pRuy,.

With the computations in the previous paragraph we now have enough tools to
perform the iteration step in Hensel’s Lemma. We assume that

dx = —PyoAP + pn,
0y = —Py,oB? + po,

and plug these assumptions into equation (I). Then we solve the resulting equa-
tion for  and o, keeping in mind that we are working modulo p?. (Note: The
procedure is the same working modulo p? etc., but in that case one must assume a
p? term for the §x and dy and then perform the iteration twice.)

(=3xP02? — dasdx + 6y*)p + (—32*F — a})dx + 2yPSy + Py o
= p(—3aP P} (A®" + Say Py AP + Pj B
— PyoRuo + (—=32%F — al)n + 24P o).

Now if we let Py = —3xpPL2,’0A2p + das Py AP + PLQ,’OBQ” — PyoRuy, then

n= _PU,IApv
g = —PU,pr.

So the morphism that takes = to z, y to y, éx to —PyoAP — pPy1AP, and dy to
—PyoB?P — pPy,1BP will map §f to 0. Our corresponding section, sy, is

(xz,y, —AP(Pu,o + pPua), —BP(Puo + pPu,a)).

Next we find the section sy that defines a specific map from V to V! such that
under this map §f(z,1,w) is taken to 0. Since the techniques used are identical to
those used to find sy, we will omit most of the details. From now on for convenience
of notation we will refer to f(z,1,w) as g, and %, g—i will be referred to as g, and
Juw, respectively.

Let Py = —dagw® — SaszPw? + C’;Xt(w — 2% — agzw?® — agw?) and let C' and

D be polynomials in M°[z,w] such that Cg. + Dg,, = 1. Specifically

3
C= z(—gaﬁw — a42), D= —§a6w2 —wayz + 1.



10 CHRIS HURLBURT

Next let
Ry = C;Xt(ng + Dg.,) + Cp(—5(3)22p + C;Xt(—?)zQ - a4w2))
+ DP(—§(3)agw® — §(2)ahz"wP + C*(1 — 3agw® — 2a4zw))
and let
Py =— 3zp(PV7on)2 + (2ajwP(—PyoDP) + (5a4w2p)(PV,OCp)
—(aizp—i—?)agwp)(PV,on)Q—(36a6w2p+26a4z”w”)(—PV,OD”)—PV,ORV,O.

Then the section sy defining a map from V to V! is

(z,w, =C?(Py,0 + pPv,1), —D?(Pv,o + pPv,1)).

5. sy — sy UNDER THE GROUP LAW

We now need the §z coordinate also referred to as ¢ in the difference, sy — sy, of
these two sections under the group law. We will work with the element (z, w, 2/, w’)
where 2’ = 0z and w’ = dw. Recall from the Introduction that our gluing maps on
the intersection U' N V! are

z=—z/y,
w = _1/ya
xPéy — yPox
0z = ——=——,
yP (y? + poy)
dy
ow =

yP(yP + pdy)’

So if we let ' = dx and 3’ = Jy, then in terms of the coordinates on U', our
. P, P ’

element is (_xl/y’ —1/y, ;P(prp;)’ y”(yfl’/ﬂ{y’)

(=2/y, =1/y, 7 (aPy" — yP2")(y* — py'), 75 (¥') (¥ — py’)). Then under the map

sy, this element is mapped to

(—x/y 1y —2?BP(Py,0 + pPu,1) + y? AP (Pu,o + pPu,1) —BP(Py, + pPu,1) )
’ ’ yP(y? — pBP(Pu,o +pPu,)) "yP(y? — pBP(Pu,o +pPu,1))

), which modulo p? is the same as

which simplifies modulo p? to
(—aP BP 4+ y? AP)(y? Pu,o + p(BP P o + 4" Pu,1))
y3»
—BP(y? Py + p(BPP5 o+ yPu1))
Yo '

)

(—w/y,—l/y,

Under the map sy the element (z, w, 2z’ w’) is mapped to
(z,w, —=C?(Py,0 + pPv,1), —D?(Pv,o + pPv,1)).

The image of the element (z,w,z’,w’) under the difference map sy — sy is the
difference under the group law on E! of the image of (z,w, 2/, w’) under sy and the
image of (z,w, z’,w") under sy. In order to take the difference we must first take
the inverse under the group law of the image of (z,w, 2/, w’) under sy, which is

(—z,—w,CP(Py,o + pPy,1), D?(Pv,o + pPv,1))
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and then add this to the image of (z,w, 2/, w’) under sy. Specifically we will let
2= —z/y =2z,
wy = —1/y =w,

(—a? BP 4 yP AP)(yP Py + p(BP Py + y"Pu,1))

0z1 = 3P
= (wP2"B? + wP A?)(— Py + p(w”B"P§ o — Pu.1)),
Swy = —BP(y*Puo + p(BP P +y"Pua))
yP
B Po + (P B Por)
22 = —%,
W2 = —wW,
0z = CP(Pyo + pPv1),

dwy = Dp(PV,O + pPVJ),

and apply the explicit formulation of the group law detailed in Section[3. Also since
for the purpose of our computation we only need the dz3 term, this is the only one
we will formulate in detail.

We are going to be analyzing u%p(—upéoc—i—apéu)(up —pdp) with the above terms
substituted in for z7, wi, etc. When we do this,

a =0,
w=2w+ 6a6w3 + 6a4zw2 + 6z3,
which, if we then add 6f(z,1,w), we have u = 8w = —8/y.

Proposition 5.1. The ( = 6z coordinate of sy — sy is
—da ol

= By TP wy

where the above expressions are used for z1, zo, 621, 0z, dwy, etc. in da and Sp.

The next step in the computation of fqer is to apply the formal logarithm of the
Frobenius twist of the formal group of the elliptic curve to ¢. This is a triviality as
mentioned in the Introduction by the following proposition.

Proposition 5.2. Let 10g]__¢1 (&) be the formal logarithm of the Frobenius twist of
1
the formal group of the elliptic curve. Then

log}_¢1 (¢) = ¢ modulo p*.

Proof. Recall

2
1og]__f1 &) =&+ p¢(201)£2 + P ¢3(C2)£3 +-

where the c¢; are the coefficients of the power series expansion of the invariant
differential [3, p. 127]. From [6l p. 113] we know that the invariant differential

w(z) = (14 2a42* +---)dz

and so ¢ = 0, c2 = 0, ¢3 = 0, ¢4 = 2a4---. However, the power of p in p™/n

is at least 2 for all n > 4. Hence, modulo p? the power series log}_¢,1 (&) is the
1

identity. O
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6. RESIDUE OF THE COHOMOLOGY CLASS

Recall that any cohomology class in H'(E @ M, O) ~ HY(E,0) ® M' has a
representative of the form 3 a,y™ + 23 by + 22> e,y". Let us refer to the
coefficient e_1 in a sum > any™ + 1> byy™ + 22> e, y" as the residue of the sum.
The final step in the computation of fie; modulo p? is to take the residue of ¢ = §z
coordinate of siy — sy, which is a cohomogy class as a result of the above proposition.

While the idea behind taking the residue is simple, namely write ¢ as > a,y™ +
23 by + 22 e,y™ and take the coefficient of 22 /y in this sum which is e_1, the
practice is computationally unfeasible. Instead we break the process of finding the
residue of ¢ into parts. The residue map has some useful properties; namely, it is
linear and the residue of any function that is regular on U or any function that is
regular on V is zero. So we can take the residue of the terms in ¢ and then add
together the result to get the residue of (.

As a preliminary step to the task of analyzing the residue of the terms of { = ¢z,
we write the following expressions in both coordinates of U and coordinates of V:

24(4a2 + 62%ay — 9rag)  2*(4adw? + 62%a4 — 92wag)

A = =
A w2 A ’
B 23(9y)(2zas — 3ag) _ 23(9)(2za4 — 3wag)
N A w2A ’
x 3
C =z(——agw — agz) = 7 (—Eag - a4a:>,
3, 1/, 1
D= —506W —wagz+ 1= ?<m —aag),
_ Pyp
PU,O = W

We also note that Pyo and Py, are regular on U, and that Py, Py, and
C’;Xt(3a6w3 +3agw? + 323 + 323 + agw?z + agw?z + w + w + 2a4w?z + 2a,w%2) are
regular on V. So as an example the following combinations of taken from (gi()’p are
regular on V:

—p3PDPCPagu? P p2uwPalzPCP Py, —CPPyy
8P ’ 8p ’ 8P ’

More examples of regular combinations on V', this time taken from Sady

Tw)?7 » AX°

(3Pw3PCPak Py o) (3(3P)abw*? BP Py ) and (—=3Pw*Pal AP Py o) (2(3P)d(ag)w?P)
(8w)?» (8w)?» '

Since the residue of terms that are regular on either U or V' is zero, we can exclude
these terms from consideration in computing the residue class of (. This leads to
the following proposition in which for brevity’s sake we let

T = C;Xt(y2 — 2 — a4 — ag).
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Proposition 6.1. The residue of { is equal to the residue of
((1 —2)A” | 227D (—3Pal — 2abaP) AP L1 2P):chp) Py

yP i 3P 3P 8P

+p <FlC;Xt(3a6w3 + 3agw® + 322 + 32% + aqw’z

+ agw?z + w4 w + 2a4w%z + 2a4w2,z)
+ BCOY(Afy + Bfy) + FsC (=327 — ay)

+ FyY% 4 (F5 + Fo + F7)Y + Fg> ,

where F; are polynomials in Mi[xP,yP, Y].

Proof. This is proved by the very precise removal of almost all regular terms using

a computer algebra system. O
It is now necessary to compute residues of terms whose residue may be nontrivial.

Namely, we provide a formula for the residue of ‘;—b which we will call v4,5. We let

(Z) denote the binomial coefficient with the convention that (2) =0if k£ > n. Then
from [5] we know

Proposition 6.2. Let a and b be positive integers. Let m and n € {0,1,2} be
integers such that a = 3m 4+ n. Then the residue of z—: is

0
if b is even,

g s +k —2k—2+ e b=1 ) vmm_ok_o4m_ b=l
& (31@”41 2 n) (m b1 n) (=)™ (0a) ™ (ag) R
k=0

2
if b is odd.

Obviously, because of the convention for binomial coefﬁcients there will be in-

tegers a and b with b odd for which v, is 0. In fact, 1f b~ a, Ya,p = 0 because
m— 21@7 2+n)

of the binomial coefficient ( . We now 1ntr0duce a series of propositions

2
that are just expanded formulas for expressions found in Proposition [6.11
Proposition 6.3.

T =Co(y* — 2° — auw — ag)

B Q) B Q) st F ]

Proposition 6.4.
24P (4a3 + 62%a4 — 9zag)P
AP

AP =

_ 4p L 6px2pa — QPgPgP al

4
AP

p—1
—|—Z( > 4a2)P*(6x2ay — 9zag)” +Z( ) (622%ay) (—9xa6)pk].
k=1
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Proposition 6.5.

237 (9y)P(2xay — 3ag)?
AP

23P(Qq))P
— % 2PxPal — 3Pak —G—Z ( ) 2xa4 (—3ag)P k] .

Proposition 6.6.

B =

CSXt(3a6w3 + 3agw® + 32° + 323 + auw’z + asw’z + w + w + 24wz + 2a4w22)

= % [2(3ag)? + 2(32%)P + 2(1 4 2°)(ayz)? + (2 — 87)y*] (y_—l) .

3p
Proposition 6.7.
Cy*(Afs + Bfy)

SEEROO0; o

1:i=0 j=

x (9(24>)pi (2a1)7 (—3ag)?~ 2l y2 @),

Proposition 6.8.
151
Cext( 1‘2 _ a4) _5 Z <}Iz> 3kaika2k.
k=1

Using this series of propositions, we can now explicitly write down the residue
of ¢ by computing the residue of the formula in Proposition[G1l. First we introduce
some more notation.

Definition 6.9. Define 11, to be the residue of z” b where
T = C;Xt(y2 — 2 — a4r — ag).

Definition 6.10. Define 7, to be the residue of %{2 where
T = C;Xt(y2 — 2 — a4r — ag).

Using the formulas above, it is easy to check that for some, but not all, values,
ta,p Will be zero. Similarly there are values of a and b for which 7, 4 is nonzero and
for which it is zero. Some examples of j, are

Hp.3p = 0,
L[ 2\ p—k ok — K
How = [— > <k> > ( ; >a3a§_ T prsktip = Y <k> ajag” 7p+k,p] :
k=1 =0 k=1

Note that both v, and ji4 are in M?. We can now prove the following theorem.
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Theorem 6.11. The reduction modulo p* of fiet is

Y2p,p

[9”(2” — 4P —2(3P))ako(aq) . 2P(—6P + 127 + 2(9”))a§5(a6)}
AP AP

1
+ 57 |27 = 240 o + (—187(1 = 27) + 2(277))ab,
+ (12(1 = 27) = 2(18")) Rty + (2(187) = 36")aFabpzg 3 — 2012°)a7 pizp.y
+ p(Ho+ Hi + Hy + Hy + Hy + Hs + Hy + Hy + Hy)

where Hy s

1 op p—l )
= ((1 - QP)E { — 6(aa)6Palysp,p + Z (Z) (4a3)P " Z ( ) (6a4)"(—9ag)" "
k=1

p
X (= 6(as)Vpsrtip — 6(a6)Vhrip + MkJri,p)

+ Z( ) 6(14 9a6) k( *5(a4)72p+k,p*5(a6)7p+k,p+ﬂp+k,p)}

+ (Z) (2a4)k(_3a6)p_k( - 6(a4)72p+k,p - 5(a6)’7p+k7p + MP+/€,P):|

1
op p-l k k
*(3pa€)—p{ () i kz : 6a4 9a5)’c Mk+i,3p
k=
1

1 =0
p—

+ Z (i) 6a4 (=9ae)"~ /Lp+k,3p}

k=1

op [P1 k .
—(QaE)E{ ( ) 4a3)P~ kz Z) (6a4)" (—9a6)" " tptkti,3p
k= =0 -
+ Z ( ) 6a4 gaﬁ)pkﬂ2p+k,3p:|>7

o~

Hy is

~1

— <95<a4) (3 Yap
— 28 (2306)" s 289 isp 3y + 2014 2 s+ (28 )i )
+ (92 — St (23 sy + 20+ 2)azgsp + (2~ )iy
—aj? (2(3p)u3p,3p +(2- 8p)u0,p)

+ ((; ab — 9a£) 5(as) + g aly 5(%)) (2(3”)7510,3:) +(2- 8p)72p=p)

9
+(—M?+§%ﬁXm?mm@+@—WMMMDﬁM,
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LSS (2Y (FY (2= 0) gyt (929N gy yo—id
pkzzlgo]'zo (k) (z)( j )( 1) < A ) (2a4)” (—3as)

+ 240§ a3 1 3py2(p—i) + 36 i izp s pracp—i)
+ (120} — 72a6) pptjpr2(0-1) + Saiplij,erz(p—i))/Ap

+ (36@51 6(aa)V3ptj.pt+2(p—1)

+ (72 ag — 12 a}) 6(as) — 36 aff 6(as)) Yp+j,p+2(p—i)

+ (28‘131)6(@4) + (72a€ - 12@5) 5(a6))7p+j,p+2(p—i)

+ ((T2afag — 24ai")5(as) — 8aip5(a6))%p+2<p7i>)/AP
+ (((54a§p —16a3” — 36ahab)d(as) + (36ahal — 24a3?) 6(as)) Voptj3p+20m—i)
+ ((24a3” — 60a3al) &(as)

+ (34ag? — 16a3" — 36a508) 6(a6)) Yy s.89+200-9) | AP] ,

X (((2304 ai’ + 10368 ag” — 8640 af af + 1152 a3”) pioprak.p

+ (=1920 a3? — 576 a¥ a3”) pip+2k,p

+ (512a,” + 10368 ag” af — 10368 a¥ a3 + 2304 a3") piak.p

+ (—10368 ag® af + 3456 af a3”

+ 3072 @y’ + 7776 aif — 4608 ak a3P) piop+ 2k, 3p
+ (11520 a2 a3? + 1024 a5F — 12096 ag® a3 — 2304 a)®) fip+ 2k, 3p
+ (—5184 4% af —2304a%a® +1536a%a’? + 6912027 o) u%,gp) / AP

+ (((192()@21’ + 576a2a2P) 6(as)

+ (8640afal — 1152a3” — 2304a5” — 10368a5") 6(as)) Y2p+2k.p

+ (1792 a” — 1152 a3” + 1728 ak a3”) 5(as)

+ (1920 a3? + 576 af a3”) 6(as) ) Vp+2k.,p
+ ((6912 af a3” + 1728 ag” a}
+ 2592 a3? — 3072 a3? — 2304 af a3?) 6(aa)

+(=512a% — 10368 a2 o + 10368 a a2” — 2304 a°7) 6(a6))m,p) /A2p> ,
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H4 18

( - % (— 3732480 a2 a2 — 829440 a8, 0¥
+ 3359232 4 a? + 3456 a3 AP + 774144 a3P
+ 1990656 al a3” — 12960 af al AP — 663552 a;”) T2y
- % (2592 a3” AP — 3317760 a3 — 7713792 ag? a5
+ 19440 ag? AP + 9123840 ab a)? — 7278336 ag”
+ 2985984 ag? a3f — 1327104 a o3P + 3359232 4 af)
+ 24576 0P — 12960 af af, AP — 288 a Y AP) 7, ,
— = (— 1769472 a3 — 8957952 ay a3’ — 1123243’ al) AP
+ 2875392 af + 3456 4P AP + 1327104 43"
+ 20404224 0 6P — 10616832 a? aip)ro,p) / (%)

(— 393216 aj” + 22394880 ag” a3’ — 3456 a3’ al) AP

_|_
—
I
DO | =

— 11197440 ag’ a¥ — 10616832 a3’ af + 2592 a® aZ? AP

+ 3317760 al ay? + 1152 ay? AP + 2654208 a5?

— 14929920 a” a5 + 9953280 ag? ay” + 1152 a3 AP) 1y 3,
— % (12607488 a5 al) — 8957952 ai? a3’ — 3244032 b al?

+ 19408896 2P a2F + 1536 a,” AP + 13436928 ag? ab

— 28864512 aZ? ay” + 5184 a2 ab AP + 11664 a2 AP

— 1327104 aSP — 15552 ak ag? AP + 1769472 a”

— 2304 a3? a} AP + 1990656 ag” a3’ — 6718464 ag’) 7, 3,

— % (— 20901888 ag? ai? — 18144 a3? ag? AP — 3456 a,” AP

+ 9953280 ai? a)” 4 13436928 ag” a3 + 17280 a3 al AP

+ 1769472 a aSP + 1664 a3” AP

— 2654208 a2? 3 — 1327104 a7 ag)fo,gp) / (A%)

(— 10368 a3? af AP + 31104 a3 ag? AP — 54 A% o}

N =

(-

+10368 AP af a’P — 23328 AP 02 a? — 4608 a5” AP)TQP,E,,)) / (A%),

17
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H5 18

1
((5 (— 14556672 ag” — 6635520 a}” + 6718464 ag? a} + 5971968 az’ a3’

+ 2880 a3” AP + 18144 aZ? AP — 5184 aF AP — 15427584 ag” aip
— 2654208 af @’ — 8640 a} a} AP + 49152 af” + 18247680 a} ay’)d(as)

+ = (1548288 a3 + 6912 a2 AP — 25920 a® b AP — 1658880 af aj”

l\3|H

+ 6718464457 a} — 746496007 a3’ +3981312a5a} —1327104a;”) 8 (as)

+ 2 (3584427 6(3) AP + 3456 6(3) a2P af AP + 4608 6(2) alF AP

+188(3) al A% — 2304 4% §(3) AP))uzp,p> /(@a),

l\3|H

H6 18
1
((5 (3840 3P AP — 25214976 af a;”

+ 3981312 a3f + 7409664 a3 al + 4608 a3” al AP
— 5087232 ag” + 48273408 ag” ai’ — 24634368 af’ ai’)é(as)

+ = (— 14556672 ag” — 15427584 ag” af’ — 25920 af; ah AP

N —

— 2654208 a? a3’ — 6635520 a)” + 38880 ag” AP
+ 18247680 af )’ + 5184 a3” AP + 6718464 al”
+ 5971968 az? a3’ — 576 a3’ AP + 49152 a$ )6(a6)
+ %(51845(3)@%? —245(2)ak A®P —366(3)ab A% +233285(2)ag” AP
+366(2) ak A® — 69126(2) ay? AP + 12672 a3’ 6(3) al AP
— 15552 8(2) ag? af AP + 3456 8(3) ag? a’ AP + 10368 5(2) al’ af AP
— 4608 8(3) a2 af AP — 99844’ §(3) A” + 68(3) ab A P)) Lip.p

+ ( (7962624 af ay” — 33841152 ag” a}” — 22781952 a3’ af
+ 5308416 aS? + 52254720 ay? a3’ — 29113344 ag? a¥
+ 54 AP af — 786432 a}” + 6912 a3 af AP + 10368 af aZ? AP
— 2304 a}” AP + 1280 a3’ A? + 21565440 ag” a3’ )d(as)
%(40808448 ag? a3’ — 22464 a3 af A?
— 17915904 al? a3? + 5750784 a3 af + 2654208 a3’
— 21233664 a a;” — 3538944 a$” + 6912 a3’ AP)d(as)
(—69125(2) a? af AP — 2048 a3’ §(3) A?
+ 4608 a,” 6(3) AP — 146(3) a3’ AP + 23040 6(3) ag? ai’ AP

— 26880 a2” §(3) af AP + 26(2) a2” A2P)) po,,,) / (A%),

l\.'JlH
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H7 18
1 f
(5 (= 17915904 a2 a2 + 25214976 a” a¥, + 7776 a2 AP
+ 38817792 4l a3’ + 4608 a3 af AP + 3456 a3’ al) AP
+ 3981312 ag? a’ + 26873856 ag” aly — 2654208 a5”

— 13436928 a3 — 30 A% ol — 6488064 af, aSP + 3538944 a}”
— 36A%af — 10368aba;" AP — 3072a3pN’ = 57729024a§pa3p)5(a4)

+ = (54 A%} + 5184 a% az? AP — 21233664 a)” al

N}I»—A

+ 19906560 a2? ay” + 2304 a3” AP + 6635520 al ay”
— 29859840 ai? af 4 2304 a3” AP — 6912 a’" af) AP
+ 447897605 a3? +5308416a5 —22394880ag"a} — 786432a4") 8 (ag)

+ = (25920 al? 5(3) ah AP + 6144 43P 5(3) AP — 36 5(2) ) ab A%

N}I»—A

+ 11520 a3 §(3) ab AP + 6 6(2) a2f A% + 66(3) a3’ A%
+1808(3)akal A% —345600(3)a’ a2 AP —122884.75(3)a gm))ugp,gp / (A%),

and Hg is

( — (— 1271808 a$” + 995328 a? + 12068352 ag” a3’

— 6158592 ag” ai” + 1852416 a3 a?
— 6303744 aﬁ P 41920 aj” AP + 1440 a3” af AP)6(aq)?
— (9123840 a8 ay? — 7278336 ag’ + 24576 a3’
— 3317760 a2F — 7713792 a2 a3F — 2592 4P AP
+9072 a2 AP — 4320 a¥ af AP — 1327104 af P
+ 1440 a3? AP + 2985984 ag” a3’ + 3359232 ay’ a})d(a4)d(ae)
— (38707243 + 1728 ai” AP — 1866240 a2 a3’
+ 995328 al a3 — 331776 a)” + 1679616 a af)
— 6480 af af AP — 414720 a} a;”)(a)*
— (1846(2) ak A% — 18 5(3) ah A® + 1728 6(3) ag” al AP
— 7776 6(2) ag” af, AP 4 6336 a3’ §(3) ab AP
—23040(3) a3? al AP + 5184 6(2) a3 al) AP
+36(3)ab A% —126(2) ab A% — 3456 6(2) ai? AP
+ 11664 5(2) ag? AP + 2592 6(3) ag? AP — 4992 a;” §(3) AP)(a4)
— (1792 ay? 6(3) AP — 1152437 6(3) AP + 1728 6(3) a3’ a AP

081 57 2080 59 2
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Proof. We simply apply the most recent propositions to the actual formulas from
Proposition 6.1l It should be noted that the H; correspond to the F; in Proposition
and that upon further analysis certain terms like (_1_3# have zero residue
even though it is not immediately obvious that the term is regular. O

From now on, when we refer to Hy, H1, Ho, Hs, Hy, Hs, Hg, H7, and Hg we will
mean the polynomials in this theorem. We note that Hy, Hy, Ho, Hs, Hs, Hg, Hr
are in M{ and are linear in §(ay) and 6(ag), Hy € MY, and Hg € M} is quadratic
in §(aq) and (ag).

7. ORDER TWO MODULAR FORMS

We remind ourselves that ¢, the unique lifting of the Frobenius morphism to R,
extends to a homomorphism from M} — M# by taking, e.g., as — af + pd(as)
and §(ag) — §(ag)P + pd(ag). Hence if we start with a polynomial in MO like v, ,
then ¢(Va.p) = Ya.(a} +pd(ay),al +pd(ag)) € M, where by this notation we mean
substitute af + pd(as) in for aq and af + pd(as) in for ag.

Definition 7.1. Let 5,4 be the polynomial in M* such that ¢(7a.5) = Va.p(ah, ak)+
p%a,b-

An explicit formula for 7, is simple to compute by expanding the formula

0
if b is even,
> m+k m—2k—2+n
(=)™ "2 (a8 + pb(aa))*F 2" (af + pd(ag)) ™2
if b is odd.

and modulo p?, 7, is linear in 6(a4), 6(ag). In addition ¢(vap) =2, + PS(Va);
however, note that 4, does not equal pd(y,,) because the latter is missing the
terms from 75,17 whose coefficients are divisible by p.

Definition 7.2. Let fi,5 be the polynomial in M such that ¢(pap) = pap(al, ab)+
pﬁa,b-

We recall that the isogeny covariant differential modular form ficthjes is @( fiet)-

Theorem 7.3. The reduction modulo p* of fiethiet 15

—72ag2 8(aqg)?P + 48a£2 5(ag)P
AP?

] Yop.p(al, ag)

2 2 2
+ —8ay” pop(al,ag) + 72a§ pupp(al, af)

a7

2 2 2
— 480} jizp.p(af, af) — 2403 gy 3 (af, af) |

) [—72@@252@4) + 48a£252(a6)

AP ] Y2p,p (a’iv a’g) + pJo,
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where Jy is

1 2 2 - 2
(F [(—72a’6’ 8(aq)? + 48al 5(as)?)Y2pp — 8a2P Ho.p
2~ 2~ 2~

+ 72a fipp — 48af fizp,p — 24“4211) HK3p,3p

+ ((276(2) + 665(3))ak 5(as)?

+ (~286(3) — 426(2))a} 6(ag)P) b, , + 208(2)Pa” MOI,
2

+ (—275(2) — 666(3))al 2, + (425(2) + 285(3))a} 4ih,
2 2

+186(2)a @} 1, 5, + (3(3) +246(2)a 18, 5,
+H§,’+Hf+H§+H§+H5+H§+H5+H$+H§).

Proof. Let H; be the polynomials from Theorem The formula follows imme-
diately from the fact that fiethjer = @(fiet)- O

Next working modulo p?, hiet = (fiethjet)/ fiet is % +p ( hofv 4 hl) where [

is the coefficient of p® in fier, f1 is the coefficient of p, ho is the coefficient of p° in
fiethjet, and hq is the coeflicient of p. In particular

—T2a86(as) + 48a4d(ag)
Jo= Ap V2p,p
1
+ ﬂ [ - Saipﬂo,p + T2agpp,p — 480} p2p,p — 24@4211)#311,31)} )
[ ((275(2) + 666(3))ak(as)

+ (—280(3) — 426(2))a 5(%))’}’21) p +205(2 )aipuo P
+(=276(2) = 660(3))agip,p + (426(2) + 285(3))aipzp,p

+ 186(2) a0k uzp.ap + (85(3) + 246(2))a? sp.sy|
+(HO+H1+H2+H3+H4+H5+H6+H7+H8>

—72a’6’ d(aq)? + 48a£ d(ag)P
AP?

ho = Yop,p (@, ag)

1 2 2
+ 7 | — 84 o,plal aB) + T2E pupp(af, )
2 2 2
— 48al puopp(ay, ag) — 24a” sy 3p(al, azﬁ))}v

2 2
—72a® §%(ay) + 48a% §%(a
" [ - 421)2 L0 0o) Yapp(af, ag) + Jo.

Therefore we have the following explicit formulation for hje, where Jy is the poly-
nomial from Theorem [73]
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Theorem 7.4. The reduction modulo p? of Djet, 18

2 2 2
(( 7207 8(as)? + 4808 5(a6)” )y p (e a8) — 802" 1o p(a a2)

2 2 2
7208 ) — 450 ) — 240 sy () ) /
(Apzfp (( — 72a§6(aa) + 48a}6(as)) v2p.p
- 8“31)”0,17 + 72@2”17,17 - 48agli2p,p - 24@42117”3?,317)) + pKo

2 2
p(—72a§ 6°(a1)+48a} 6%(as))v2p,p(ah, af)
Ap*p (( - 72@26@4) +48a56(a6))’y2p,p - &ﬁpﬂom +72agﬂp,p —48al piop,p— 24‘15?#317,3?)

)

where Kg is

AP Jy

(( - 72@26@4) + 48@56@6))7217,? - 8”42117”0,17 + 72@5#}%? - 48@517”2?,17 - 24‘15?#317,3?)

2 2 2
- (( 724" 8(an)? + 482 5(a6)") om0l aB) — 8027 o p(al, )

2 2 2
720" iy (0, 0B) — 48T oy p (A a2) — 202" 15y (a, az>)

y (ﬁ [((276(2) + 663(3))az(a) + (~285(3) — 425(2))a%6(as)) 20

+208(2)a2 o 4 (—276(2)— 663(3))ab iy -+ (426(2)+285(3) )b 12y

8
+1862)afaingay + (55(3) + 240N s + Y H:) /
1=0

((( — 72a%6(as) + 48a§5(a6))’ygp,p
2p P P 2p 2 p>—2p
— 8ay" po,p + T2agptp,p — 48ay pi2p,p — 24a; N3p,3p) A .
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